We study the dynamics of dipolar bosons in an external harmonic trap. We monitor the time evolution of the occupation in the natural orbitals and normalized first-and second-order Glauber's correlation functions. We focus in particular on the relaxation dynamics of the Shannon entropy. Comparison with the corresponding results for contact interactions is presented. We observe significant effects coming from the presence of the non-local repulsive part of the interaction. The relaxation process is very fast for dipolar bosons with a clear signature of a truly saturated maximum entropy state. We also discuss the connection between the entropy production and the occurrence of correlations and loss of coherence in the system. We identify the long-time relaxed state as a manybody state retaining only diagonal correlations in the first-order correlation function and building up anti-bunching effect in the second-order correlation function.
I. INTRODUCTION
The investigation of non-equilibrium quantum dynamics has been stimulated by the remarkable progress in experimental techniques. Ultracold atomic gases and trapped ions are a test-bed for such studies as they offer a very good isolation from the environment [1] [2] [3] [4] [5] [6] [7] [8] [9] . A forefront research in this direction aims at characterizing the dynamical properties of isolated quantum many-body systems [9] [10] [11] [12] [13] [14] . In this context, the onset of thermalization in isolated quantum systems caused by the interparticle interaction has received great interest [15] [16] [17] [18] [19] [20] . The necessary condition for the thermalization is the statistical relaxation of the isolated system to equilibrium. In some recent studies [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] the viability of thermalization has been associated with the onset of quantum chaos. The latter in systems of interacting Fermi or Bose particles implies a pseudorandomness depending mainly on the strength of the interparticle interaction. In the recent study of interacting spin 1 2 system, the delocalization of the eigenstates in the energy shell approach was investigated [12, 13] . The eigenstate thermalization hypothesis (ETH) [31] predicts that the expectation value of few-body observable should correspond to the prediction of microcanonical ensemble [32] [33] [34] . Although a vast amount of works exist to characterize the delocalized eigenstates and its connection with the statistical relaxation, many open questions which still are studied : a) How and in which timescale the system relaxes? b) How the time evolution of the entropy and the onset of statistical relaxation are connected? c) What is the link between the production of entropy and both the build up of correlations and the loss of coherence? d) What is the effect of long-range interactions?
The last question d) is motivated by the fact that many investigations have focused on contact/short-range investigations. In this respect it would be interesting to compare results for long-range interactions with shortrange findings and with recent results for quantum systems with long-range couplings [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] . Ultracold atoms with dipole-dipole interactions are a popular setup to investigate the effect of non-local interactions [46] . Dipolar atoms in quasi-one-dimensional traps can be experimentally realized and provide a tool to explore a rich manybody physics [47, 48] . It is important to point out that one can realize also several coupled one-dimensional systems, with a tunable couplings [49] .
In this paper, we focus on the role of dipolar interaction in the relaxation dynamics of interacting bosons in a 1D harmonic oscillator (HO) trap. The comparison between the short-range contact interactions and longrange dipolar ones is also presented. Ultracold dilute Bose gases are very often well described by the contact interaction, defined aŝ
where the dimensionless parameter λ is the strength of the 1D contact interaction [50] . For dipolar interaction, in quasi-1D geometries, the effective non-local two-body interaction term V can be obtained by integrating over the transverse directions [51] . Here we consider dipolar interaction of the form
where the dimensionless parameter g d is the strength of interaction and α is the short-scale cut-off to regularize the divergence at x i = x j . We solve the N body Schrödinger equation with very high level of accuracy using the multiconfigurational time-dependent Hartree method for bosons (MCTDHB) [52] [53] [54] [55] [56] , with the manybody ansatz being the sum of the different configurations of N particles distributed over M orbitals.
In our present setup, we consider N dipolar bosons in 1D HO trap. We are going to consider few particles, such as N = 4, even though we checked that the obtained results are consistent with findings for higher number of particles, such N ∼ 6. Our procedure corresponds to have the non-interacting system and then at time t = 0 perform a quantum quench from g d = 0 to a finite, possibly large, value of g d . Quantum quenches of the 1D Bose gas with contact interactions have been deeply investigated in the literature [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] .
We are going to obtain the results obtained with the dipolar interactions to those obtained by quenching the contact interaction parameter λ from zero to a finite value. The relaxation is studied by analyzing the time evolution of Shannon information entropy and as well the normalized first-and second-order Glauber's correlation functions. The contrast between contact and dipolar interactions is demonstrated by the timescale of relaxation process. We observe interesting many-body properties in the time evolution of first-and second-order correlation functions in the case of dipolar interactions. We also demonstrate that the observed relaxation is associated with the loss of coherence in the first-order correlation function and the occurrence of an anti-bunching effect in the second-order correlation function. The effect of long-range repulsive tail of the dipolar interaction makes the dynamics very interesting. The corresponding entropy evolution shows sharp linear increasement at very short time and then saturation. The first-order correlation is quickly lost as well as a clear anti-bunching effect is quickly developed for the dipolar interaction.
Since the high resolution image technique allows to probe the spatial correlation functions [69, 70] , the observations made in the present manuscript could be verified in future experiments.
The paper is organized as follows. In Section II, we give a brief description of Hamiltonian and the used numerical method. In Section III, we introduce the key quantities that are subsequently analyzed. In Section IV we presents our results for the post-quench dynamics. Section V provides a summary and discussion of our results.
II. THE MODEL
The time-dependent Schrödinger equation (TDSE) for N interacting bosons is given by
(with = 1). The HamiltonianĤ iŝ
h(x) is the one-body Hamiltonian containing the external trapping potential and the kinetic energy. We set the external trap as harmonic oscillator trap
is the two-body interaction which is chosen either as dipolar or -for comparison -contact, respectively Eq. (2) and Eq. (1). The Hamiltonian is in dimensionless units -obtained by dividing the dimensionful Hamiltonian by 2 mL 2 (m is the mass of the bosons, L is an harmonic oscillator length). Θ(t) is the Heaviside step function of time t, so to have an interaction quench, the dipolar interaction being abruptly turned on at t = 0.
To solve the TDSE (3) we expand the many-body wave function in a complete set of time-dependent permanents with M orbitals. Thus the ansatz for the many-body wavefunction in the MCTDHB approach is
where |n; t are the permanents which are the symmetrized bosonic states considering all configurations of N particles in M orbitals. The sum in Eq. (5) runs on all possible configurations determined as
In the second quantized representation the permanents are given as
where b † k (t) is the bosonic creation operator creating a boson in the time-dependent single particle state called orbital φ k (x, t).n = (n 1 , n 2 , ...n M ) represent the occupations in the orbitals and preserve the total number of particles n 1 + n 2 + ... + n M = N . It is to be emphasized that in the ansatz of the many-body wave-function, both the expansion coefficients {Cn(t); i n i = N } and the orbitals {φ i (x, t)} M i=1 that build up the permanents are time-dependent and variationally optimized quantities. The efficiency of the MCTDHB method comes from the variationally optimized and time-adaptive basis [54, 55, [71] [72] [73] . In the computation, we limit the size of the Hilbert space. However as the evolution follows from the time-dependent variational principle [74] , the error resulting from the truncation of the Hilbert space is minimized by the basis at any given time. In the Section IV we show that with the considered number of particles several natural orbitals may have a significant and comparable occupation.
III. SHANNON ENTROPY AND CORRELATION FUNCTIONS
The Shannon information entropy (SIE) of the onebody density in position space is defined as S x (t) = − dxρ(x, t)ln[ρ(x, t)] and similarly in the momentum space as S k (t) = − dkρ(k, t)ln[ρ(k, t)] where ρ(x) and ρ(k) are the density of the system in coordinate space and in momentum space respectively. The two SIEs as defined above are two independent key quantities in the calculation of quantum information in many-body system, as they measure the delocalization of the corresponding distributions. However, since SIE is based on the one-body density, one can not infer the presence of correlation in the many-body state. We therefore provide an alternative definition of the SIE calculated from the time-dependent coefficients as
The many-body measure of the information entropy can be explicitly made by writing the coefficients as an expectation value in terms of M creation and annihilation operators [75] . We observe that in the Gross-Pitaesvkii [76] and multiorbital mean-field theory [77] , since just a single coefficient contributes, S inf o (t) is always zero. Thus the information entropy measure using MCTDHB basis qualifies when and how well or not a given many-body state can be captured by mean-field theory. We are also interested in the calculation of normalized first-and secondorder Glauber's correlation functions at many-body level. They indeed may provide additional tools to study the pathway of the occupation of the different natural orbitals. We will see how these correlation functions effectively describe the relaxation of the system in terms of the loss of first-order coherence and emergence of antibunching effect in the second-order coherence.
The normalized p-th order correlation function is defined as
.
It is the key quantity to define the spatial p-th order coherence. Here,
is the p-th order reduced density matrix of the state |Ψ [78] . In the case of |g (p) (x 1 ..., x p , x 1 ..., x p ; t)| > 1 (< 1), the detection probabilities of p particles at positions x 1 , ..., x p are referred to as (anti-)correlated. Although it is possible to define the p-th order correlation function in momentum space and one can define the detection probabilities, however for the present work we report results only for the spatial coherence. The normalized first-order coherence is directly related to the fringe visibility in interference experiments and it is defined as
g (1) (x ′ 1 , x 1 ; t) < 1 means the visibility of interference fringes in the experiment is less than 100%, which is referred to as loss of coherence.
At variance, g
(1) (x ′ 1 , x 1 ; t) = 1 corresponds to maximal fringe visibility and is referred to as full coherence.
The corresponding second-order correlation function g (2) (x 1 , x 2 ; t) is calculated as
where ρ (2) is the diagonal part of the two-body reduced density matrix. When g (2) < 1, we refer to it as the anti-bunching effect, while the case g (2) > 1 is termed as bunching. g (2) = 1 signifies that the measures of two particles at positions x 1 and x 2 are stochastically independent.
IV. RESULTS
To compare the results of dipolar interaction with the contact one, we fix the interaction strength g d and λ requiring the effective interaction
so that the integral ofV is the same with λ = g d in our units. Eq. (11) fixes as well the cut-off parameter α. Throughout the computation we keep a number M of orbitals which are sufficient to get convergence in the measured quantities (for N = 4 it is enough M = 12). The convergence is further guaranteed when the occupation in the last orbital is negligible. We prepared the ground state of the non-interacting Hamiltonian using the R-MCTDHB package [55, [79] [80] [81] . The interactions are then abruptly turned on at t = 0. In Fig. 1 we plot the natural occupations n i as a function of time. The left panel is for contact interaction and right panel is for dipolar interaction. We choose g d = λ = 5, and we found qualitatively very similar results for other values of λ we tried. Initially at t = 0, only the first natural orbital contributes. When the time goes on, the occupation of the higher orbitals start to contribute. However we get a clear difference with time between the contact and the dipolar interactions. For contact interaction, mostly one natural occupation, n 1 , dominates throughout the time evolution and other occupations remain comparatively small. At variance, for dipolar interaction, again initially at time t = 0 only n 1 contributes, but at short time n 1 sharply decreases and other orbitals start to populate. For the rest of evolution we find that several other orbitals almost equally contribute as n 1 (we checked that the obtained results do not depend on the chosen value of M ). However, with the considered number of particles our present computation is unable to present the full-blown N -fold occupation of natural orbitals which can be achieved when the system is quenched to very large values of g d , that correspond to crystal-like states [82, 83] . Fig. 2 reports the dynamics of many-body SIE for dipolar as well as for contact interactions. The statistical relaxation is manifested by the long-time dynamics when S inf o (t) saturates to a maximum entropy state. At very short time we observe linear increase in S inf o (t) fitted with the analytical formula S = Γt ln P , where Γ is determined by the decay probability to stay in the initial ground state and P is the number of many-body states [84] . However the difference in S inf o (t) for contact and dipolar interactions can be identified from the corresponding Γ values. For contact interaction the linear increase is determined with a Γ c significantly smaller than the corresponding Γ d for dipolar interaction. The very sharp linear increase in the information entropy for dipolar interaction implies the number of principal components participating in the many-body dynamics increases exponentially very fast -exhibiting very quick relaxation process. At long times, the system relaxes to the maximum entropy state. For contact interaction, S inf o (t) also has a tendency to achieve a saturation value or maximum entropy value, however the process of relaxation is very slow which is also quantified by the small value of Γ c . The saturation value or maximum entropy value achieved by the system for contact interaction is smaller than that for the dipolar interaction. ) for a comparatively long time. This implies that the system remains coherent. At longer time the off-diagonal correlation is gradually lost and finally at time t = 1.0 only the diagonal correlation is maintained. The strong interparticle repulsion leads to the loss of coherence which is further maintained at larger timescale when the system reaches to its relaxed state. It is also in good agreement with the relaxation process when S inf o (t) saturates to maximum entropy state. In contrast, for dipolar interaction we observe very quick loss of off-diagonal correlation. |g
(1) (x 1 , x ′ 1 ; t)| 2 is close to unity almost exclusively for x 1 = x ′ 1 , away from the diagonal (x 1 = x ′ 1 ) is close to zero. This is the effect of long-range repulsive tail of the dipolar interaction. Thus the relaxed state can be described as a many-body state with many natural orbitals occupied, maximum entropy and persistence of diagonal first-order correlation.
In Fig. 4 , we plot the corresponding two-body correlation function g (2) (x 1 , x 2 ; t) for the same parameters as reported in Fig. 3 . At small time for almost all (x 1 , x 2 ), the second-order coherence is maintained for contact interac- tion. Whereas the diagonal coherence starts to deplete for dipolar interaction. For larger times (such t = 1), g (2) (x 1 , x 2 ; t) ≈ 1 at the off-diagonal (x 1 = x 2 ) for contact interaction, whereas the diagonal is almost vanishing. It means that there is a finite probability of detecting two particles for all (x 1 , x 2 ), except for the narrow band around the diagonal. The vanishing diagonal part of g (2) (x 1 , x 2 ; t) is corresponding to the anti-bunching effect, as the probability of finding a double occupation along the diagonal is almost zero. Complete vanishing of the diagonal coherence is maintained at larger times. For dipolar interaction, the anti-bunching effect appears at very short times such t ≈ 0.01. With further increasement in time, the anti-bunching band spreads.The quick development of the anti-bunching effect for dipolar interaction is also in good agreement with our previous observation [75] when S inf o (t) quickly attains the saturation value. We conclude that by observing very quick loss of firstorder coherence and the setup of the anti-bunching effect in second-order coherence may be considered as characterizing the many-body state with maximum entropy. Since with further increase in time we do not observe any change in entropy production, first-and second-order correlation functions, we may define the state as a relaxed state. As the different orders of coherence can be measured experimentally the above relation between the entropy production and coherence can be directly verified in the experiment to test the process of statistical relaxation.
Our present calculation is done for a finite system of few particles. The natural question is to verify our present observation for larger bosonic systems. In our previous work [75] , we have already reported the quench dynamics with contact interaction for a larger number of bosons, however only the first-order correlation dynamics and its link with the production of entropy have been discussed. In the context of our present computation we redid the simulation for N = 10 bosons with contact interaction and observed the similar physics in the second-order correlation dynamics as observed for N = 4 bosons. However we are unable to extend our simulation for N = 10 bosons with dipolar interaction due to serious convergence problem. Increasing the particle number the size of the Hilbert space rapidly increases (for N = 4 bosons distributed over M = 12 orbitals the size of the Hilbert space is N conf = 1365 and the same for N = 10 bosons is 352716). However for 10 bosons, with dipolar interaction M = 12 orbitals are not sufficient to achieve convergence. So we checked our present observations for N = 6 bosons distributed in M = 15 orbitals and the general conclusion drawn for N = 4 dipolar bosons remain unchanged.
V. CONCLUSION
In this paper, we considered few dipolar bosons in a 1D harmonic trap. We studied the statistical relaxation of dipolar bosons and its comparison with that for contact interaction. We solved the quantum many-body dynamics by MCTDHB and the relaxation is presented through the time evolution of natural occupation, entropy production, normalized first-and second-order Glauber's correlation functions. In the long time dynamics, the system relaxes to its maximum entropy state. The effect of the long-range repulsive tail of dipolar interaction in the dynamics is clearly visible. The relaxation process for dipolar interaction is quicker than that for contact interaction. We also presented a link between the production of entropy and the first-and second-order coherences. We observed that at the time when the many-body system occupied many natural orbitals, then at the same time the off-diagonal coherence in first-order correlation function is completely lost, and the anti-bunching effect is exhibited in the two-body correlation. Thus in our present work we redefine the relaxed state as the many-body state with maximum entropy retaining only the diagonal correlation in g (1) and developing the anti-bunching effect in g (2) . Two remaining and natural open questions are to study the connection of these results with the behaviour of collective modes and to consider the broader class of long-range interactions with smaller power of interaction, especially when its value is smaller than the dimension of the considered system.
